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Full-stack Optimization of
Quantum Chemistry Simulation
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Quantum Chemistry Simulation

* Variational quantum eigensolver
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Quantum Chemistry Simulation

* Predicting molecular properties
* Geometry, bond length, angles...
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Quantum Chemistry Simulation

Energy

Calculate reaction energies

* Photoelectrochemistry, catalysts.
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Quantum Chemistry Simulation

* Predict protein folding
e Solve the Hamiltonian for amino acids.
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Credit: A. Robert et al. Resource-efficient quantum algorithm for protein folding
https://www.mathworks.com/help/matlab/math/ground-state-protein-folding-using-variational-quantum-eigensolver-
vge.html#mw_rtc_ProteinFoldingVQEExample_M_D161DD34



Outline

e Background of quantum chemistry

* Quantum ¢
* Quantum ¢
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Outline

e Background of quantum chemistry



Quantum Chemistry

» 0

Molecule Hamiltonian matrix



Quantum Chemistry

* Solve Schrodinger equation:
H|W¥) = E|¥)

e H is the Hamiltonian for electron dynamics (after
Born- Oppenhelmer ApprOX|mat|on)
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Quantum Chemistry

* Hartree-Fock method
* Second quantization

State |W¥)

Hamiltonian H
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Second quantization

* Fock space
* Let N be the total number of orbitals.
* M be the number of electrons.
* Fock space basis represent occupation of orbitals.

* Example:

« N=4,M = 2,|0101)r means orbital 0 and 2 are occupied.
4 .
2) basis.
* |We,e,) = c0l0011)g +¢1 [0101)r +¢,]0110) 5 +¢53/1001)p
+¢4|1010)r +¢51100)

* Any 2-electron state is a linear combination of (



Second quantization

* Hamiltonian
thqapaq P z pqrsapaqasar
pqrs
* Creation operator. a IO)F = 1)z, a |1)F —
* Annihilation operator: a|0); = 0, a|l)r = |0)x

* hy,, and V,...c: precomputed coefficients.



Second quantization

e State |¥) : a 2V dimensional vector

« Hamiltonian H: a 2V x2" Hermitian matrix
« H|¥W) = E|¥):

* a PDE problem to a matrix eigenvalue problem

State |¥) Hamiltonian A
: I 1
Before Wavefunction on H= 2 — Z Z 240N
Cartesian Space R? 2 = i

State vector on 7o T 1 + +
After Fock Space = Z fpatpaq t 3 Z Yoars@pdq @sar
prq pqrs




Variational Principal

. (\P‘H\“P) > E,, Ey is the true ground state energy.
* Solve H|¥) = E,|¥) & argmin((‘P‘H\‘l}’))
|¥)



Variational guantum eigensolver

e Use ansatz (parameterized quantum circuit) to
probe the ground state “P(B)) = U(H)I‘Pmit).

* Objective function: C(é) = (‘{1(5)‘17“}’(5))

* Classical optimizer to minimize C(é)
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Algorithm Design

Algorithm Compilation

2

Algorithm Execution

Quantum chemistry simulation stack

Design U(é), the logical parameterized

circuit.

Challenge: How to make the ansatz reach
the ground state?

1.HWEA

2. UCCSD
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Quantum chemistry simulation stack
e Ty 4t 3T

- q1 U

*— Q:q b ‘—I;ik_
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Algorithm Compilation

Algorithm Execution

/R

A
N

O~ Qa:qa

Map the logical circuit to physical circuit.
Challenge: How to efficiently map and swap
qubits?

Credit: D. Ferrari et al. Deterministic algorithms for compiling quantum circuits with recurrent patterns
https://link.springer.com/article/10.1007/s11128-021-03150-9



Quantum chemistry simulation stack

Algorithm Design

Algorithm Compilation

Execute physical circuit.
Challenge: Noise, sampling overhead, multi-
‘ chips, classical-quantum hybrid execution...

Algorithm Execution QPU 1
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Credit: https://medium.com/@stephen.diadamo/distributed-quantum-computing-1c5d38a34c50




Quantum chemistry simulation stack

Algorithm Design

Algorithm Compilation

2

Algorithm Execution

An ongoing project on Hamming weight
preserving ansatz.

Y. Jin et al., "Tetris: A Compilation Framework for

VQA Applications in Quantum Computing," /SCA
2024

Z. Li etal,"A Case for Quantum Circuit Cutting
for NISQ Applications: Impact of topology,
determinism, and sparsity"
preprint@arxiv2412.17929



Outline

* Quantum chemistry algorithm compilation



Outline

* Quantum chemistry algorithm compilation
* Introduce UCCSD ansatz
* Tetris compiler for UCCSD ansatz



UCCSD Ansatz

B, = min(¥(4)|A¥(4))
e Unitary Coupled Cluster with Singles and Doubles
 [9(8)) = O @ w0

- T T T
‘ T(9 ) = 2ip,q Opqpaq + Lp<qr<s Opqrsapaqasay

* First-Order Trotter Approximation
eA+B — Jim (eA/neB/n)n

n—>0o



Jordan-Wigner Encoder

. a;, a, : creation/annihilation operator = qubit
operator

* |¥): Fock space = qubit space

- H: operator on Fock space = operator on qubit space

* Anticommutation requirements: {4, B} = AB + BA
. {a;, a;} =0, {ap,aq} =0,Vp,q

fea) =10 L



Jordan-Wigner Encoder

e Pauli matricesi |
x=[, tlr=[, Tlz=[t _]]

Xp+iY.
¢ ap = ZO oy Zp_l p p

cal =7y..Z

 Example: Paulistring YYXY: =Y QY X X KR Y



UCCSD

. eepq(agaq—a;ap) — exp( Hpq ®] p+1 Z. * (Yqu — Yqu))
= exp( pq( Zp+1 - ~14q — YpZps "'ZCI—1XCI)>

T T T T
o egpqrs(ap aq asar_axr aS aqap) _

[
€xp (g Opars Bjemauers) Zj * (XpXq¥rXs +
VX,V Ys + X, Yo Vo Yo + X X X Y — X Yo X X —
VY, X, Ys — Y,V Y, X — prqx,,xs)), letp < g<r<s.



UCCSD

* Pauli evolution gates sequence for some p,q,r,s

e%qurs*IXZZZZXIIYZZXI
e%epqrs*IYZZZZXIIYZZYI
e%epqrs*IXZZZZYIIYZZYI
e%qurs*IXZZZZXIIXZZYI
i
e 8
e—éepqrs*lYZZZZYIIXZZYI

9pqu*IXZZZZYIIXZZXI

20,qrs*IYZZZZY Y ZZX]

_!
e 8

o~
9pqu*IYZZZZXIIXZZXI

» feasible on quantum computer



UCCSD

* The ansatz becomes a sequence of blocks of Pauli
evolution gates.

___________________________________________________________________
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UCCSD

w(8)) = l_[ gi6;PauliStringj 1y

j
H= 2 w,, PauliStringk
K

C(8) = ) wi(W(8)|Paulistringk|¥(9))

Takeaway:
* Jordan-Wigner transformation and two steps of Trotter
approximation:
* the ansatz becomes a list of blocks of Pauli evolution gates.
e the Hamiltonian becomes a list of weighted Pauli strings.

e Both lists scale as O(N*), N is the number of orbitals.



Outline

* Quantum chemistry algorithm compilation
* Introduce UCCSD ansatz
* Tetris compiler for UCCSD ansatz



Tetris: A Compilation Framework for VQA
Applications in Quantum Computing

Yuwei Jin*, Zirui Li*, Fei Hua, Tianyi Hao,
Huiyang Zhou, Yipeng Huang, Eddy Z. Zhang

= NC STATE
58 RUTGERS




How to compile a single Pauli string?

* Example: exp(i6,Z2YX).

/) ™
B 1
e 1)
data q1 E - _@ L N EJ
qubit Y &
q2 = N N
)
¥ v lRz(—291)I
L (93 a Bz(20,) D
. M (B 5 LD o)
data | |\ N atd P Bz(220) =) ¥
qubit ” g
V) 5 X X
M Jan
L a3 - oo —o—

Note: Y gate here is RX(LZI). It has different meaning from Pauli letter Y in the pauli string.



Root and leaves
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Cancelation opportunity

* Inside each block, the Pauli strings usually share the
same | and non-| locations.
TIXZZZXIIIIYZZX
TIXZZZYIIIIXZZX
TIYZZZXIIIIYZZY
TIYZZZYIIIIXZZY
TIXZZZYIIIIYZZY
TIYZZZYIIIIYZZX
TIXZZZXIIIIXZZY
TIYZZZXITIIIXZZX



Cancelation opportunity

XITITY
YITIIX
XITITY
YITIIX
YITITY
YITITY
XITIIX
11Y XITIIX

* The - part is the qubits that share the same
letters for every Pauli string.

* The - part is cancelable.

11X
11X
11Y
11Y
11X
11Y
11X

HROX KK KX X

>



Cancelation opportunity

4ZYX
44X X

* If we put green part away from the leaf, no
cancellation opportunity.

q0
2
data q*1
qubit ~
v
q3

* If we put green part close to the leaf, cancellation
will happen.

r
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Cancelation opportunity

* Takeaway:
e Qubits that have identical letters are cancelable

e Put the cancelable qubits at the leaves part of the tree
can cancel more gates.

PS 1 PS 2 PS K
Canceled

Root ! !

Non- | | |

Cancelable | | |

1 1

Tree ! 1 1
H E rog
H I P

i i o 1

i i :

ﬂ )

a




Connectivity Constrains

* Superconducting quantum computers have
connectivity constrains.

* Example: Map qubits in Pauli ITXZZZXITIIIYZZX
evolution gate to the heavyhex topology hardware.
* Logical qubitO, 1, 2, 3,8,9, 10, 11, 12 are non-l.

A /‘\ q0
ql
After qubit q 8 g3 &g2
mapping 410
11
i\ /i\k /i i\q/i\[ﬂz/i




What’s a good gubit mapping?

11X

XITIIX

IIY.XIIIIX

e Qur proposal: Map as many - part to the
leaves of the tree.




Qubit Routing

* We know how to find a good qubit mapping for
each block.

* Q: How to switch qubit mappings between blocks?
e A: Add swap gates. (Each swap gate costs 3 CNOT gates.)




An Important metric

e 2-qubit gate count
* (2-qubit gates are hard and noisy).

Total 2-qubit gate count
=2-qubit gate count in the logical circuit
- 2-qubit gates canceled
+ 2-qubit gates added from swaps
* Goal: maximize cancelation, minimize swaps



Tradeoff between cancelation and
swap Insertions

Paulihedral
(ASPLOS’ 22 Liet al.)

more more hardware
cancelation efficiency
more requirements less swap
for qubit mapping insertions

more swaps needed

) not likely to have a
to route the qubits

good qubit mapping

less hardware
efficiency less cancelation



Tradeoff between cancelation and
swap insertions

Tetris
(@ISCA’24)
more near optimal
cancelation cancelation
. — adaptive
moré\requirdments less restriction for _
for aukit dapoin ubit Mmaooin multiple-leaves
q pping q ppINg tree structure
more/Awaps Yeeded less swaps needed
tg switch qObit to switch qubit lookahead
mapping mapping block

scheduling

less hardware
efficiency

near optimal
hardware efficiency



Prior works




Algorithm Design

Algorithm Compilation

N2

Algorithm Execution

Logical circuit gate
cancelation

lookahead adaptive
block multiple-leaves
scheduling tree structure

) Find a good initial

mapping and qubit
routing



Evaluation

e Reduce the CNOT gate count by ~ 20%.

Gate count

- 1 TKet

S 300K | mEE PCOAST

S [ PH

%ZOOK- I Tetris

(<] [ Tetris+lookahead
=

(o) i

S 100K

(@)

LiH BeH2 CH4
[ PCOAST CNOTs
80K| 7 PH CNOTs
60K - [ Tetris CNOTs
@A PCOAST Swaps
40K{ £—42 PH Swaps
7z Tetris Swaps
20K 1

LiH BeH2 CH4 MgH2

MgH2

0.8

Yy

0.6

eli

20.4

f

0.2

| i —+— PH
T T Tetris
T T

2 4 6 8 10
#Blocks

Molecule: LiH (12 qubits)

I —— PH
I Tetris

2 4 6 8 10
#Blocks

Molecule: CO2 (30 qubits)



Outline

* Quantum chemistry algorithm execution



A Case for Quantum Circuit Cutting for NISQ Applications:
Impact of topology, determinism, and sparsity

Zirui Li, Minghao Guo, Mayank Barad, Wei Tang, Eddy Z. Zhang, Yipeng Huang



Quantum circuit cutting

Rx(89)

g0

I Rx(8)|—

H
Fragment
H 2 Rx(8)|—

qn:|0> !

Credit: Lian, Hang & Xu, Jinchen & Zhu, Yu & Fan, Zhigiang & Liu, Yi & Shan, Zheng. (2023).
Fast reconstruction algorithm based on HMC sampling. Scientific Reports. 13.
10.1038/s41598-023-45133-z.



Quantum circuit to Bayesian network

* Record the density matrix in Pauli string format.
* ldentity matrix and Pauli matrices:
_[1 _ 1 _ —i1 ., _[1
1_[ 1]’X_[1 ]’Y_[i ]’Z_[ _1]

e [,X,Y,Z form an orthogonal basis for all Hermitian
matrices in C%*2.

e 4™ Pauli strings form the basis for n-qubit density

matrix state in (Czn><2

H




Quantum circuit to Bayesian network

* The Bell state%qom +]11)) = CNOT(I ®

H)|00) in density matrix representation calculate
by hand :

+ The initial state py = [00)00| = ;1] + ;1Z + ZI +, ZZ.
* After Hadamard p; = HpOH -—II + L IX + ZI + ZX
« After CNOT p, = CNOTp,CNOT" —11 + XX =YY+ ZZ.

= o




I 0.5

l 0.5 /v s2
X 0.5
Y 0
. s @ 7 0
Tensor 1 Tensor 4
Contract tensor 1 and

tensor 3, get tensor 4.

X VA 1
X 0 Z X 1
Y 0
Y Y -1
VA 0.5 This tensor’s size is 16 but only 4
Tensor 2 otherwise 0 entries have non-zero weights.

Tensor 3



I 0.5
X 0.5
Y
Z

Tensor 4

I 0.5
X 0
Y 0

Tensor 2

s



I
X
Y
Z

Tensor 4

Tensor 2

0.5
0.5

s

2]
N

/\l

e

Next page: contract tensor 4, 2

and 5, get tensor 6.

Tensor 5
This tensor’s size is 256 but
only 16 entries have non-
zero weights.

N N N N <X < < < X X X X

N < X N < X

N < X

X
Y
Z

otherwise

N N X X <X < < < X X N N

X < N X N < X

< N

N < X




| |
X X
s v v
V4 V4

otherwise

Tensor 6

Tensor 6 matches the hand-calculated ill + iXX — iYY + iZZ.



Tensor contraction

* Di, j = Zk,z,p,rAi,k,p,er,lCl,p,r,j

i J
contractior>




Bayesian network to tensor network

After contraction:
1
° @ s3 s4 w

I I 0.25
X X 0.25
Y Y -0.25

sO s2
Z Z 025
< CNOT s3 .
otherwise 0
4 s1 s4 Tensor 6




Expectation value on an observable

* If we want to know the expectation value on observable YY.

« 0 =YY, the bell stateis p = %II +iXX —iYY +iZZ.

* The expectation value is trace(pO) = —itrace(ll) = —1.
s3 s4 w
| I 0.25
X X 0.25
Y Y -0.25
VA VA 0.25
otherwise 0 s3 w s4 w
sO s2 Tensor 6 s3 | 0 | 0
< CNOT J;}TD X 0 X 0
Y 1 Y 1
4 s
s4 4 § 4 0

Tensor 7 Tensor 8



Cut the tensor network

e Subcircuit 1 has 2 open edges;

e Subcircuit 2 has 2 open edges;

* Run 3*4 different settings of each
subcircuit to fill in the two tensors.

sO sl w s0 s'1 w
I I ? I I ?
I X ? | X ?
I Y ? I Y ?
I VA ? | VA ?

after cut @

j;{_k S%circuiﬁﬁ
<I/' 81 S0

!
So

Sl
1
< D



Determinism

* Clifford gates’ tensor is deterministic.

* Clifford gates stabilize Pauli strings.
 Clifford gate will only do a permutation of all Pauli strings.

* Only 4™ out of 4™ x 4™ tensor entries are non-zero.

* For a non-Clifford gate, like T gate, the tensor is not
deterministic.

OO O =N
SelLsh o3
Sthshk-ol <
— © O 9OIN

N <~



Knowledge compilation

* We know which entries have zero value 0) &) ()
after knowledge compilation. M GTEEEC R A
N AN
e Subcircuit 1 has 4 non-zero values. 0 S O D
 Subcircuit 2 has 6 non-zero values. to tensor network @

- -

~ -
- - -
-

? P
; ] after cut @
? | X ? Hj\ subcircuit1ﬁ
? | Y ? ¢ $1 S0

st y
: z 3
< D

-




Knowledge compilation

10) {5} (HH A ] Paui Z
10) STHEHD Sh Ll Pauli Z
geesssssssse- 1 .
1 B DA Pauiz
0} S Rz(6) <> { A ] Pauli Z

-

=~

after cut

e

subcircu

it1

S1

S0

51

Q/\[subcircuimi{>

subcircuit1: factory, s, = ZZ

subcircuit2:  when 8 = 0,
factory o = I1 + XX
+YY + ZZ, the expval is 1

when 6 — 0.1,
faCtOI's;)s/1 =1+ XX
+0.995YY + 0.99572Z2
+0.0998Y Z — 0.09987Y,

the expval is 0.995

when 6 = 0.3,
fa,ctorsas'1 =1+ XX
+0.955YY + 0.9552Z2
+0.296Y Z — 0.296 7Y,

the expval is 0.955

when 6 = 0.5,
factorgy = IT + XX
+0.878YY + 0.878Z2Z7
+0.479Y Z — 0.4792Y ,

the expval is 0.878




|0) —(Br (%)
|0) Ry (61)
|0) —Ry(62)
|0) —{Ry(65)
[0) By (6a)
|0) —Rr(65)
[0) —By(6s)
10) —{Br(6)

Tensor sparsity

. Subcircuit #qubits | Tensor 1 | Tensor 2 Subcircuit 1 Subcircuit 2
Workloads #Qubits | #Layers : . : : :
constraints sparsity | sparsity | req. experiments | req. experiments
Pairwise HWEA 8 1 5 0.0% 0.0% 4/4 3/3
Pairwise HWEA 8 2 5 0.0% 0.0% 12/12 12/12
Pairwise HWEA 8 - 5 0.0% 0.0% 144/144 144/144
3-local HWEA 8 1 5 75.0% 75.0% 81/144 100/144
ONN 14 2 3 42.1% 84.6% 93/108 72/192
Rz(6s) Ry (016) i—P'?Y(932)HRZ(940)J—[ A
Rz (8) @Y(917)HRZ(925) Ry (033)—1Rz(04)
Rz (010) By (015)F—{R 2 (020) Ry (63)}—{R(6.12) A
)by} — )
Ry(612) e 1:(5922)_ : }_22_(628-)- B ! Ry (030)—Rz(bu) A~ ]
Rz(013) v (021)—Rz(020) [rRY(037)HRZ(045)]_[ —A~ ]
Rz(014) v (022) R z(030) {RY(ezs)]—[RZ(azte)]_[ —A~ ]
Rz(01s) Ry (O} Rz (0s)}—{ A ]

Pairwise HWEA

QNN

encoder




Precision and accuracy

* Higher precision.

144 i EE Qiskit
| pgmQC
[ ) Sa me accu racy. ! --=- Exact Expval = -0.277
12 - : ------ Qiskit Mean = -0.11
. 1 mQC Mean = -0.11
e #trials: 100 i N
10 |
* #total shots: 100K > |
° !
|
]

0 - 7 T
-05 -04 -03 -0.2 -0.1 00 01 02 03
Reconstructed Expectation Value



End-to-end accuracy on QNN

e Dataset: IRIS 2-classification

100% +——- —— - —— - —— - ——
> 90%/+ s
@
o
5 80%+
@)
o
< 70%: —
m— Qiskit
60% m—— Qur Work
---- Noisefree Accuracy: 100%
50%

80k 160k 320k 640k
Total Shots

encoder ansatz




Classical postprocessing

175
200{ —— Ours . Ours 3.0 —— Ours
= —— cuquantum el —— cugquantum =25{|™ cuquantum
E 1501 £ é 5%
> . 100 >
g 100 g 75 £15
g 2 210
8 50 s 50 8 =
25 0.5
0 . O 0.0 2 : :
2 3 4 5 6 7 100 150 00 50 100 150 200
#Qubits #Qubits #Qubits
(g) QFT latency (h) AQFT latency (i) 3-local HWEA (#Qubits,1,20) latency
800M )
1G{ —— Ours —— Qurs —— Qurs ;
m —_— ntum iy | ntum i [ — ntum
§ S00M cuquantu § G00M cuquantum § cuquantu
> > > :
500M 1.5M
£ 600M 2 =
> E.4OOM >
2 a00M S 300M 2 1.0M 74.2%
g 200M g 200N g 500K
“93.7% 100M -99.6% /
0 ° ° el O 0
2 3 4 5 6 7 50 100 150 200 50 100 150 200
#Qubits #Qubits #Qubits

(j) QFT memory footprint (k) AQFT memory footprint (1) 3-local HWEA (#Qubits,1,20) mem. footprint



Outline

* Quantum chemistry algorithm design



Quantum chemistry simulation stack

1. UCCSD ansatz
2. Hardware efficient ansatz

3. Hamming weight preserving ansatz




What's a good ansatz?

* Accuracy
* Trainability
* Noise-resilience



Different ansatzes

+ o = min(¥ (@)1 ()

W(é)) is generated by ansatz.
e UCCSD:

e chemistry inspired, high accuracy,
* but too deep, hard to implement.

* HWEA:

* hardware efficient, easy to implement,
* but too weak, low accuracy.




Hamming weight preserving ansatz

N is number of orbitals
M is the number of particles

N) basis.

* Only explore the subspace expanded by (M

a 1 0 0 0
0 (e~ N 0+m /TN -
R — ef+1 (A+i)(?-1) 0+m z
T _ 0 2 22 0 _ =2 U172
1 )( 1) +1
—S— " TN 2 0 rz(- 3% T <> ) Rz
0 0 0 1
b %—B—S—S—B— % —B——8—B——S—B—S
qo q1
. ¢1—S—B+—B—S- "‘ G —§— B——|»B—-B s I s
| I | -
®» @ - B-ST S B — ' “—B— s——s~|—§—B B
@G3—S—B—B—S —— S—B—S—B S B

Nearest Neighbor connectivity Full connectivity



Energy (Hartree)

o

Error (Hartree)

Hamming weight preserving ansatz

* Preserve the number of particles.
e Accuracy: outperforms UCCSD
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Hamming weight preserving ansatz

* Trainability:
* N is number of orbitals
e M is the number of particles

* Varg :altr(pé): ~ ;, when M =%
| )
* Varg _altr(pé)_ ~ %when M=1

(Credit: https://arxiv.org/pdf/2412.04825)

* For reference: trainability for 2-design HWEA :
» Varg|atr(p0)] = ! tr(H?)tr(p?)tr(0?)

23n—1



https://arxiv.org/pdf/2412.04825

Hamming weight preserving ansatz

* Noise resilience:
* Implement 1 beam-splitter (BS) gate costs 3 CNOT gates.
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Future Work

guantum architecture search for a
hamming weight preserving ansatz

resynthesize hamming weight
preserving gates

parity check to mitigate error



Algorithm Design

Algorithm Compilation

2

Algorithm Execution

An ongoing project on Hamming weight
preserving ansatz.

Y. Jin et al., "Tetris: A Compilation Framework for

VQA Applications in Quantum Computing," /SCA
2024

Z. Li etal,"A Case for Quantum Circuit Cutting
for NISQ Applications: Impact of topology,
determinism, and sparsity"
preprint@arxiv2412.17929



Supplementary materials



Hydrogen Atom

(e - =

1 :
e £, = — 5. Nis the energy level.

* Each eigenstate ¢4, ¢, ... is an orbital.

0 max .




Hydrogen Atom

* Takeaway:
* ¢, P>, ... are eigenstates of the Hamiltonian.
* ¢, P,, ... form a complete orthonormal basis.
* Any valid wavefunction:|V) = ¢;¢, + ¢, + -+



Helium Atom

* Two electrons correlated.

* The wavefunction W(ry,13)
is hard to solve.

* Approximation: Hartree-Fock method
* Ignore the correlation.
* Solve each single-electron orbitals independently:

D1, P2, -

e Slater determinant to combine the orbitals

_ 1 110 d2(r1)
Wyr(r, 1) = V2! [qbl(rz) $2(12)



Helium Atom

* Takeaway:

* In a two-electron system

* Solve single-electron orbitals:

* $1, P2, P3, P4 ...
* The Slater determinant of ¢; and ¢;
W (ry 1) = Lrpi(’&) ¢j(7”1)]
A2 V21 [9i(r2) ¢j(7"2)

form a complete orthonormal basis for two-electron
wavefunction space.

e AnyW(ry,1ry) = 2i<j Cij'Pij



First quantization

* N-electron wavefunction W(ry, 15, ..., Ty ).
* Solve single-electron orbitals ¢, ¢, P3, P4 ...
 Slater determinant of n orbitals to form the basis.
* Linear combination of basis to form any wavefunction.

* Redundancy in first quantization:
* Electrons are identical.
s W(ry,1y,13,..,7y) = —W(1y, 1,13, o, Ty)
* Use bitstring to represent occupation of orbitals.

 01100100... means the basis that’s the Slater
determinant of ¢,, ¢, Pg.



Second quantization

* First quantization to second quantization

 Cartesian space to Fock space

* A Fock space basis: |0101)r means among the 4 orbitals,
orbital 2 and 4 occupied, orbital 1 and 3 unoccupied

* A Cartesian space wavefunction:
¢2(r1)  Pa(rr)
Y(ir,nrn) =——
(072 = 11lgatra) datr)
 Hamiltonian: gradient and position operator to creation
and annihilation operator

e Creation/annihilation operator a+ and a.

H = thqapaq+ 2 pqrsapaqasar

bqrs



Second Quantization

H = thqapaq ZZ pqrsapaqasar

pqrs
 Creation operator. a IO)F = |1)g, a |1)F =0

 Annihilation operator: a|0)r = 0, al|l)r = |0)x
* 1 2 ZA 3
hya = [ #5057 = D =) gy )%
A

1
hars = | | #500832) == 8,00, 12) P

* |In practice: when doing integrals, use “STO-3g” to
approximate the wavefunction with 3 Gaussians.



Second Quantization

H = thqapaq ZZ qrsapaqasar

pqrs

. Takeaway:
* |n practice, set a limit for M orbitals.

e The Hamiltonian becomes a 2™ x2M Hermitian matrix.
* Solve Schrédinger equation: H|W) = E|W)

* A PDE problem to a Matrix eigenvalue problem.



Quantum chemistry algorithm

Fo = min(¥ (@) 1¥()

e Unitary Coupled Cluster with Singles and Doubles
> A 1- A
+ [w(6)) = " O O)wy )
t

g T
‘ T(9 ) = 2p,q OpqpAq + Lp<qr<s Opqrsapaqasay

« A = e5, Bis anti-Hermitian=> A is unitary

* First-Order Trotter Approximation
eA+tB — lim (eA/neB/n)n

n—>0o



Unitary Coupled Cluster with
Singles and Doubles

» After first-order trotter approximation with n=1:
W@y e s
0 - 0 rs sUr—Ur Us
_ 1_[6 pq(apaq aq ap) 1—[ o O (ap Aq AsQr—0ar Q aqap> v, )
p.q p<q,r<s

e Each p,q or p,q,r,s corresponding exponential operation
IS unitary.

* How to implement on quantum computer?



Creation/Annihilation operator

* Anticommutation: {A,B} = AB + BA
. {a;,az;} = (), {ap, aq} =0,Vp,q

t Oifp+q
*1d,,4 = :
{ p q} {1 ifp=4q
* You can’t create more than two electrons on one
orbital.

. a;ag = ( because {a;,a;} =0
* Swap two electrons, create a negative sign

« T T _ T 7T T T _



Jordan-Wigner Encoder

e Pauli matricesi |
x=[, tlr=[, Tlz=[t _]]

Xp+iY.
¢ ap = ZO oy Zp_l p p

cal =7y..Z

 Example: Paulistring YYXY: =Y QY X X KR Y



Jordan-Wigner Encoder

i=[1 ol

* Quantum state: |0) = [(1)] 1) = [(1)]

* Example: ay = [8 (1)],61

* Annihilation operator:

caol0y =) ol [l =0 a0y =[y o][]]=10

* Creation operator:
e =3 )= main=[3 9[-



